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Abstract. Surface tension driven convection aﬀects the propagation of
chemical reaction fronts in liquids. The changes in surface tension across
the front generate this type of convection. The resulting ﬂuid motion
increases the speed and changes the shape of fronts as observed in the
iodate-arsenous acid reaction. We calculate these eﬀects using a thin
front approximation, where the reaction front is modeled by an abrupt
discontinuity between reacted and unreacted substances. We analyze
the propagation of reaction fronts of small curvature. In this case the
front propagation equation becomes the deterministic Kardar-Parisi-
Zhang (KPZ) equation with the addition of ﬂuid ﬂow. These results are
compared to calculations based on a set of reaction-diﬀusion-convection
equations.
1 Introduction
Chemical waves and reaction fronts propagating in liquids interact with ﬂuid motion
modifying the speed and shape of the fronts. Fluid motion can be generated by density
gradients across the front due to changes in composition or thermal expansion due to
heat released in the reaction. It can also be generated by changes in surface tension
resulting in convective ﬂow near the reaction front (Marangoni ﬂow). Experiments in
the Belousov-Zhabotinsky (BZ) reaction showed the presence of ﬂuid motion induced
by surface tension associated with the propagation of traveling chemical waves in
an aqueous solution [1]. The motion of an aqueous droplet of the oscillatory BZ
reaction on a oil phase is attributed to oscillatory changes in its surface tension [2,3].
Surface tension also explains the observation of accelerating chemical waves in the BZ
reaction [4]. Experiments in the iodate-arsenous acid (IAA) reaction in open liquid
layers have shown that the reaction front is elongated near the surface of the layer,
an eﬀect caused by the decrease of surface tension due to the reaction [5]. In thin
reaction layers, the eﬀects of Marangoni convection are noticed by comparing the
front propagation with open and closed layers, showing that the eﬀects of Marangoni
convection are of the same order as the density driven convection [6]. Theoretical
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modeling of the reaction front including surface tension convection used a reaction-
diﬀusion equation with cubic autocatalysis to describe the front propagation [7]. The
front is distorted due to changes in surface tension, with the direction of deformation
depending on the sign of the surface tension gradient. In both cases, there is a speed
increase due to convection. Further modeling included the eﬀects of layer thickness [8],
density gradients due concentration gradients [9], and the eﬀects of thermal gradients
due to the exothermicity of the reaction [10]. In the present work, we will use a front
propagation model (instead of a reaction-diﬀusion equation) where the reactives and
products are separated by a thin interface. This model was used sucessfully to study
density driven convection in the iodate-arsenous acid reaction with good results when
compared to experiments in cylinders [11,12]. This thin front evolution model can
be applied to other reactions, requiring only the diﬀusion coeﬃcient and the front
speed, without the speciﬁc reaction term. We will model the ﬂow using the Navier-
Stokes equations in the limit of large viscosity to diﬀusivity ratio (Stokes ﬂow) which
corresponds to the experimental parameters of the IAA reaction [13]. We compare
this results with the ones obtained using the reaction-diﬀusion equation.
2 Equations of motion
We consider a front propagating inside a liquid layer in two dimensions. Fluid motion
obeys the incompressible Navier-Stokes equations
∂V
∂t
+ (V · ∇)V = − 1
ρ0
∇P + ν∇2V − ρ
ρ0
gzˆ. (1)
In this equation V corresponds to the ﬂuid velocity ﬁeld, P is the local pressure, ν
is the kinematic viscosity, ρ is the density of the reacted solution, ρ0 is the density
of the unreacted solution, g is the magnitude of the acceleration of gravity, and zˆ is
a unit vector pointing in the vertical z direction. The ﬂuid ﬂow has to obey mass
conservation as expressed by the continuity equation in the incompressible limit
∇ · V = 0. (2)
In this work we study the propagation of reaction fronts that separate an interface
between reacted and unreacted ﬂuids. We obtain our front evolution equation from
an eikonal relation [14] between the ﬂat front speed (c0), the normal speed (cn) and
the curvature of the front (κ), that is: cn = c0+Dκ. Here D is the diﬀusion coeﬃcient
of the corresponding chemical. Deﬁning a front height function H(z, t) in a reference
frame moving with the ﬂat front speed, we can use the eikonal relation for small
curvatures to obtain a front evolution equation under the eﬀects of a ﬂuid velocity
ﬁeld (V ) [16]:
∂H
∂t
= D
∂2H
∂z2
+
c0
2
(
∂H
∂z
)2
+ Vx (3)
which corresponds to the deterministic Kardar-Parisi-Zhang (KPZ) or Burgers equa-
tion with the addition of ﬂuid velocity. We will also solve the reaction-diﬀusion-
convection model with cubic autocatalysis as described in [7] to compare with the
solutions of the thin front model.
We introduce dimensionless units of time and space, choosing our length scale as
L = D/c0 and the time scale as τ = D/c
2
0. Therefore the thin front equations in these
dimensionless units becomes
∂H
∂t
=
∂2H
∂z2
+
1
2
(
∂H
∂z
)2
+ Vx (4)
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A corresponding reaction-diﬀusion model [7] involves a coeﬃcient of molecular diﬀu-
sivityD and a concentration of a substance c that undergoes an autocatalytic reaction
from an unreacted state (c = 0) to a reacted state (c = 1)
∂c
∂t
= D∇2c+ 2αc2(1− c). (5)
This equation has a ﬂat front solution with velocity c0 =
√
Dα/2. We use this velocity
in our deﬁnition of dimensionless units, thus the reaction-diﬀusion-convection system
including the ﬂuid velocity ﬁeld (V) becomes
∂c
∂t
+ V · ∇c = ∇2c+ 2c2(1− c). (6)
In this system of units the front has a speed equal to 1.
Introducing a reduced pressure Pr = P +ρgz and neglecting density changes with
the concentration (ρ0 = ρ), we ﬁnd a dimensionless Navier-Stokes equations using
the length and time scales as above, with the reduced pressure measured in units of
ρν/τ
∂V
∂t
+ (V · ∇)V = Sc(−∇Pr +∇2V ) (7)
Here Sc = ν/D corresponds to the Schmidt number. We will consider only the case
of inﬁnite Schmidt number, which provides a good approximation to experimental
values for the molecular diﬀusion and viscosity of aqueous solutions. The continuity
equation Eq. (2) indicates that we can introduce a stream function ψ to obtain the
ﬂuid velocity with components Vx = ∂ψ/∂z and Vz = −∂ψ/∂x, therefore the Navier-
Stokes equations can be written in terms of the stream function and the vorticity ω
∇2ω = 0 (8)
and
∇2ψ = ω. (9)
We will assume free boundaries in the bottom of the domain, since our main
purpose is to compare our results with the ones from the reaction-diﬀusion model.
This type of boundary conditions allows us to ﬁnd an analytic solution that can be
used in our numerical calculations. Free boundary conditions require zero normal ﬂuid
velocity, and that the tangential shear stress vanish, leading to a vanishing vorticity.
For the lateral sides of the domain, we choose free boundary conditions located far
away from the propagating front. At the top surface we require that the normal ﬂuid
velocity vanishes, which is achieved by setting the stream function equal to zero. We
also impose the surface tension boundary condition for the horizontal component of
the velocity
µ
∂Vx
∂z
=
∂γ
∂x
(10)
where γ corresponds to the surface tension, and µ is the coeﬃcient of dynamic vis-
cosity (µ = νρ). Using a linear dependence of the surface tension with the chemical
concentration, we have in dimensionless units
ω = −Ma ∂c
∂x
(11)
where Ma = −(dγ/dx)/(µ√Dα) is the dimensionless Marangoni number. The nega-
tive sign indicates that the surface tension increases with decreasing concentration c
for positive Marangoni numbers as deﬁned in [7].
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3 Numerical methods
We solve the reaction-diﬀusion-convection Eq. (6) using a long rectangular grid, re-
placing the spatial derivatives by their corresponding ﬁnite diﬀerence approximations.
The time evolution is carried out using a simple Euler method, where the concentra-
tions after a time step are calculated from the equations deﬁning the time derivatives
explicitly [17]. We chose the values of grid size in dimensionless units as ∆x = 0.5,
∆z = 0.25, and the time step ∆t = 5×10−4. The domain size is chosen as a rectangu-
lar box of 400 x 10 units. The evolution of the concentrations changes the boundary
condition Eq. (11), we then use a relaxation method to obtain the values of the stream
function and vorticity [15].
In the case of the front evolution equation Eq. (4) we also use ﬁnite diﬀerence
approximations for the spatial derivatives with grid size equal to ∆x = 0.075 and
∆z = 0.0125. For the time evolution, we use an Euler method, where the discretize
diﬀusive term is calculated implicitly, thus requiring the solution of a tridiagonal
matrix. This allows us to use a time step equal to ∆t = 1.0 × 10−4 units. We apply
the method of separation of variables to obtain an analytical series solution for the
Laplace equation Eq. (8) involving free boundaries at the bottom wall. We consider
that the front makes contact with the upper wall at x = 0. Since the concentration
at the front makes an abrupt jump, the boundary condition Eq. (11) includes a term
proportional to a delta function. The domain is unbounded in the x direction, while
the layer thickness in the z direction is represented by Lz. Using the series solution
in the limit of inﬁnite length the vorticity becomes
ω(x, z) = −Ma
2Lz
sin(πz/Lz)
cos(πz/Lz) + cosh(πx/Lz)
. (12)
We use the relaxation method to obtain the stream function from the vorticity solving
Eq. (9). Since the vorticity-stream function equations are a set of linear equations the
results are proportional to the Marangoni number, therefore we need to solve them
only once. Once the stream function is obtained, we use a ﬁnite diﬀerence approach
to calculate the derivatives of Eq. (4), with the time evolution provided by a simple
Euler approach. Here we use a partition of 2000 points for a tube width Lz to obtain
the spatial derivatives of the front height H(z, t). We use an interpolation scheme to
account for the velocity Vx at the position of the front.
4 Results
We show the increase of speed as a function of Marangoni number using the model
based on the KPZ equation in Fig. 1. In this ﬁgure we also display our solutions for the
reaction-diﬀusion-convection equations showing a comparable increase of speed. Here
the depth of the layer thickness is kept constant at Lz = 10. The fronts are of con-
stant shape moving with constant speed. For both positive and negative Marangoni
numbers, the propagating fronts always show an increase of speed compared to the
speed of a convectionless front. In both models positive Marangoni numbers provide
a larger increase in speed compared to negative Marangoni numbers of the same
absolute value. Surface tension driven convection always enhances the front speed as
shown in both models. As we increase the Maragoni number, the KPZ model provides
larger speeds. The gap in speed increase between both models is smaller for negative
Maragoni numbers.
The shape of the front changes due to the ﬂuid ﬂow generated by the gradient in
surface tension. The distorsion increases for larger absolute values of the Marangoni
Temporal and Spatio-Temporal Dynamic Instabilities 5
-0.4
 0
 0.4
 0.8
 1.2
 1.6
 2
 2.4
-12 -9 -6 -3  0  3  6  9  12
Ve
lo
ci
ty
Marangoni Number
Fig. 1. The increase of front speed as a function of Marangoni number for fronts propagating
on a layer of thickness Lz = 10. The open circles correspond to fronts described with the
deterministic KPZ equation, while the solid circles are results using a reaction-diﬀusion
equation. In both cases the speed of increase is enhanced by ﬂuid ﬂow.
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Fig. 2. Reaction fronts propagating in a ﬂuid layer with surface tension gradients corre-
sponding to positive Marangoni. The shape of the front develops a tip near the layer surface.
The tip of the front is larger for larger Marangoni numbers.
number. Without a surface tension gradient the front would be a ﬂat front perpendic-
ular to the direction of propagation. We observe that in the case of positive Marangoni
numbers the segment in contact with the open surface leads the front as shown in
Fig. 2. Near the bottom of the container, a portion of the front lags behind as the
front progates with constant speed. The distance between the tip of the front and
the lagging part increases with increasing positive Marangoni number, thus the front
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Fig. 3. Reaction fronts propagating in a ﬂuid layer with surface tension gradients corre-
sponding to negative Marangoni numbers. The front near the surface is pushed back due to
ﬂuid ﬂow. We observe a larger distorsion for larger absolute values of the Marangoni number.
 0
 5
 10
-15 -10 -5  0  5
z 
ax
is
x axis
 0
 5
 10
-5  0  5  10  15
z 
ax
is
x axis
(a)
(b)
Fig. 4. Fluid ﬂow induced by the surface tension gradient for (a) a positive Marangoni
numbers (Ma=3.9) and (b) for a negative Marangoni number (Ma= −7.8).
appears with a larger distorsion. In the case of negative Marangoni numbers the sit-
uation is reversed as shown in Fig. 3. The leading portion of the front is located near
the bottom of the container instead of the open surface. We also found that larger
absolute values of the Marangoni number generate larger distance between tip and
lagging portion. In Fig. 4 we show the velocity ﬁeld acting near the reaction front.
Surface tension gradients generate ﬂuid motion near the open surface. The ﬂow near
the open surface is in the same direction of front propagation for positive Marangoni
numbers, and in the opposite directions for negative Marangoni numbers. The ﬂow
takes the form of a single convective roll, with the ﬂow moving in an opposite direction
Temporal and Spatio-Temporal Dynamic Instabilities 7
 0
 0.4
 0.8
 1.2
 1.6
 2
 0  3  6  9  12  15  18  21  24
Ve
lo
ci
ty
Layer thickness Lz
 0
 10
 20
 30
 40
 50
 0  3  6  9  12  15  18  21  24
Fr
on
t 
wi
dt
h
Layer thickness Lz
Fig. 5. Front speed and width as functions of layer thickness. The front speed (a) increases
as the layer thickness increases for both Ma=6.5 (solid circles) and Ma= −6.5 (open circles).
near the container wall parallel to the open surface. The shape of the convective roll
is determined by a surface tension discontinuity proportional to a delta function. It
is therefore identical for two Marangoni numbers that have the same absolute value,
but rotating in opposite directions if these numbers have opposite signs see Eq. (11).
This ﬂow increases the speed of all fronts, but it is higher for fronts that propagate
in the same direction of the surface ﬂow.
We analyzed the eﬀects of the layer thickness in the speed and shape of the reaction
fronts for a given Marangoni number. The speed of the front increases signiﬁcantly
for layer thicknesses shown in Fig. 5. The rate of increase slows down near Lz = 22.5,
which is the upper limit of the range under study. This rate of increase corresponds to
a larger distortion of the front as measured by the front width, deﬁned as the distance
between the leading front position and the lagging front position. These positions cor-
respond to the maximum and minimum values of the front height fucntion H(z, t)
for a given time. The opposing directions of the ﬂuid ﬂow near the surface and near
the container wall generates the distortion. As shown in Fig. 5b, the front width is
higher for larger layer thickness. These trends are the same for positive and negative
Marangoni numbers, in both cases the speed and thickness increase. However, for
positive Marangoni numbers the increase is higher compared to the same Marangoni
number but of opposite sign.
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5 Summary and discussion
We showed that surface tension driven convection modiﬁes the front speed and shape
for thin fronts modeled by the KPZ equation. These results are comparable to results
obtained using a reaction-diﬀusion model, in particular if the Marangoni number
is small. This fact is consistent with the eikonal approximation of curved reaction-
diﬀusion fronts, given that the deterministic KPZ equation is a small curvature
approximation of the eikonal relation. Therefore we expect that our results apply
to a large class of reaction-diﬀusion fronts where the eikonal relation is valid. These
results include a larger increase of speed for positive Marangoni numbers, where the
ﬂuid ﬂow near the surface is in the same direction as the direction of propagation of
the front. Negative Marangoni numbers still increase the speed of the front, but not
at the same rate as positive Marangoni numbers. For a constant Marangoni number,
the front speed is higher if the layer thickness is larger. We also have that the front
distorsion is larger for thicker layers. The comparison between these models was car-
ried out using free boundary conditions everywhere, except in the surface where the
surface tension gradient takes place. Results from the front propagation model will
have to be tested with the appropriate boundary conditions. Qualitative aspects, such
as the leading front tip in open containers, can be explained with the change of surface
tension across the front. Detailed comparisons with current experiments in the iodate-
arsenous acid reaction will require the inclusion of density driven convection [6]. The
thin front model can be extended to treat this case.
This work was supported by a grant from the Direccio´n de Gestio´n de la Investigacio´n (DGI
2014-0003) of the Pontiﬁcia Universidad Cato´lica del Peru´.
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